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The classical Density functional theory (DFT) has become a powerful tool to describe the microscopic
structure of fluids as the radial distribution function. One of its particular capabilities is to express the
thermodynamic properties of those fluids even under the influence of external potentials, such as fluid-
solid interaction. However, good models for the Helmholtz free-energy functionals are necessary to im-
prove the results. In this work, we present a self-consistent thermodynamic perturbation theory for the

MSC: excess Helmholtz free-energy from the DFT applied to hard-core fluids. The new perturbation theory
0000 is solved self-consistently without any closure relation to solving the Ornstein-Zernike equation explic-
111 itly. We compare the performance of our self-consistent perturbation theory with the results obtained

with the well-known second-order Barker-Henderson perturbation theory for the hard-core Yukawa and
square-well fluids. Moreover, we propose two versions of the DFT to describe the perturbative contribu-
tion: one based on the weighted density approximation theory and another from a modified mean-field
theory. The present results confirm the modified mean-field theory as a better option to calculate the
thermodynamic and structural properties of hard-core fluids.
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1. Introduction

The classical Density Functional Theory (DFT) can express the
thermodynamic properties and the microscopic structure of classi-
cal fluids simultaneously. All these phenomena are described from
just an excess Helmholtz free-energy model, even under the influ-
ence of external potential [1,2].

The recent formulations of the classical DFT to modeling these
properties of inhomogeneous fluids are constructed from an excess
Helmholtz free-energy functional written as the sum of a repul-
sive hard-core parcel and an attractive parcel. The repulsive con-
tribution is well described by the modified fundamental measure
theory (MFMT) [3,4]. However, the attractive contribution can be
described by a density expansion [5], or a perturbation theory
[6,7], or simply by a mean-field theory (MFT) approximation [8,9].
These various versions of DFT have predicted structural and in-
terfacial properties for hard-sphere fluids [10-12], the hard-core
Yukawa (YK) fluids [8,13,14], the square-well (SW) fluids [15-17],
the Lennard-Jones (LJ) fluids [9], and others. Besides, there are ex-
cellent examples of successful application of DFT to confined fluids
[18-25].

* Corresponding author.
E-mail addresses: tavares@eq.ufrj.br, ftavares@peq.coppe.ufrj.br (EW. Tavares).

https://doi.org/10.1016/j.fluid.2021.113095
0378-3812/© 2021 Elsevier B.V. All rights reserved.

The MFT is computationally efficient but neglects structural cor-
relations in the excess Helmholtz free energy functional. To correct
this problem, the mainstream DFT formulations incorporate the di-
rect correlation functions (DCF) due to the inter-particle interac-
tions in the form of a Taylor expansion of the excess Helmholtz
free-energy around a reference fluid density. Various approximate
forms of DCF have been obtained from the well-known Ornstein-
Zernike (OZ) equation. The OZ equation connects the direct cor-
relation function ¢@ (r) and the total correlation function h(r) =
g(r) + 1, where g(r) is the radial distribution function (RDF). With
the help of some approximate form of the closure relation, such
as the mean spherical approximation (MSA) or hypernetted chain
(HNC) closures, the OZ equation can be solved analytically or nu-
merically. For example, there are good results for the OZ solutions
of SW fluids [26-28] or hard-core YK fluids [29-32].

The other attempts to DFT are based on perturbation theories
of homogeneous fluids with the functional form described by a
weighted density approximation (WDA) [33-35]. Undoubtedly, the
best-known of these perturbation theories is the Barker-Henderson
(BH) perturbation theory for attractive hard-core fluids [36-38].
Another example of perturbation theory is the thermodynamic per-
turbation theory (TPT) of Zhou [39] based on the numerical deriva-
tive of the RDF. This theory has the same first-order approxima-
tion, but it differs from the BH theory from the second-order term
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onwards. The TPT presents a second-order correction superior to
a macroscopic compressibility approximation of BH [40]| and can
be extended until the fifth-order counterpart [41]. Indeed, the TPT
needs the high derivatives of the radial distribution function ob-
tained by some approximation of the OZ equation in the original
work. However, its DFT formulation uses the MSA second-order
DCF to construct the excess Helmholtz free energy density func-
tional [41]. Both theories were applied successfully to describe SW
fluids, YK fluids, and others.

The present work aims to develop a self-consistent perturba-
tion theory from a DFT without using the OZ equation. In princi-
ple, we can use a first-order perturbative DFT to predict the radial
distribution functions of the attractive potential perturbation con-
tribution. The derivative of this RDF around the reference fluid is
used to construct the second-order term for the perturbative con-
tribution. In this way, the RDF and DCF are obtained as an output
of our perturbative DFT. The approach described below can predict
thermodynamic properties and the microscopic structure of hard-
core YK and SW fluids. The functional form of the self-consistent
perturbation theory free-energy can be build up from a modified
WDA or a modified MFT. Therefore, we present the two formula-
tions and compare their results with those of Monte-Carlo (MC)
simulation and Molecular Dynamics (MD) data.

The structure of our work is as follows. In Section 2 we for-
mulate the self-consistent perturbative density functional theory.
The results of thermodynamic quantities, structural and interfacial
properties are presented in Section 3. The summary and conclu-
sions are given in Section 4.

2. Theory
2.1. The classical density functional theory

According to the DFT of classical fluids, the grand thermody-
namic potential, Q2[{p}], and the Helmholtz free-energy, F[po(r)],
are functionals of the local density distribution p(r). The grand po-
tential functional Q[p(r)] is related to the free-energy functional
F[p(r)] by a thermodynamic relation given as

Qlp(r)] = Flp(r)] + / dr [Veu (1) — p]p(r) (1)

where u is the chemical potential and Vex:(r) is an external po-
tential acting on the fluid. The grand potential Q[{p}] has a mini-
mum value when p(r) is the equilibrium density distribution, i.e.,
the minimum value of Q[p(r)] is the equilibrium grand potential
of the system. Then, the equilibrium density profile is calculated
extremizing the grand canonical potential,

8Qom)]|  _ SF[p()]
Sp() | . dp)

The Helmholtz free-energy functional is determined by the
sum

Flp(r)] = Ealp ()] + Fexc[p ()], (3)

where the first parcel is the ideal gas contribution and the second
parcel is the excess free-energy parcel.

The ideal gas contribution is given analytically by the semi-
classical expression

BRalp ()] = [ drp@)[in(a%p (1)) - 1] (4)

where B = 1/kgT is the inverse of the thermal energy, T is the
temperature, and A = h(B/2rm)'/2 is the de Broglie thermal
wavelength with kg, h, and m being the Boltzmann constant, the
Planck constant, and the mass of the particle, respectively.

The excess free-energy functional Fexc[0(r)] contains all the in-
formation about the interaction between particles given by the pair

+ Vext(r) — u = 0. (2)
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potential V (r, r’). This functional defines the two-body density dis-
tribution p®@ (r,1’) through the functional derivative concerning
the pair potential V(r,1’) in the form

SFxclp]l _ 1 5 /

el 3 Tack SR r.r). 5
vy~ 2” (r.r) (5)
Because the p@ (r, 1) is not known exactly for each pair potential
V(r,r’), the excess free-energy must be obtained by a thermody-
namic perturbation theory. The common perturbation theory is ob-
tained by splitting the pair potential in a hard-core repulsive parcel
Vs (r, 1) and an effective attraction parcel cu(r, '), such that

Vi r, o) = r)+au(rr) for 0<a<Il, (6)

where « is the coupling parameter of the pair potential. The vy (r)
is the hard-spheres pair potential defined as

r<o,
r>o

o0,

Uhs(r) = {0 (7)

The potential defined in Eq. (6) specifies a thermodynamic path
integration [42] in the form

Fexc[p ()] = Fys[o ()] + Fpere[ 0 ()], (8)

where the first parcel represents the hard-sphere repulsive contri-
bution and the second parcel is the perturbative contribution due
to the long-range attraction.

The hard-spheres reference functional, F[p(r)], is described
by the modified fundamental measure theory (MFMT) which pro-
vides an accurate description of the fluid structures. In this work,
we apply the White-Bear functional [12,43] for the hard-spheres
Helmholtz free-energy contribution as

BFuslp ()] = / dr [ {ng (r)}] (9)

where the free-energy density function is given by

My — Ny - Ny
1- ns

n% — 3y, - Ny

®[{ns (1)} =-noln (1 —n3) +

1-n3)%In(1 - - 10
+(n3+ (1 =n3)’In(1 — n3)) 367m2(1 - ny)? (10)
The weighted densities n(r) are defined as [3]
ne(r) = / dr' p(r)ws (r —v) (11)

where £ =0,1,2,3,v1, and v2. The linearly independent weight
functions are given by

w3(r) = ©(0 /2 Ir), (12)
w2(r) = VO (02 - |r)] = 8(0/2 - Ir)), (13)
(1) = VO (/2 - Ir]) = L8(0/2 - [r]), (14)

and the dependent weight functions are given by wqo(r) =
Wy (1)/m0o?, w(r) = wy(r)/2mo, and @, (r) = w,, (r)/27 0. Here,
®(r) is the Heaviside step function, and &(r) is the Dirac
delta distribution. For homogeneous fluids, the functional given
by Eq. (9) simplifies to the Boublik-Mansoori-Carnahan-Starling-
Leland [44] equation of state for hard-sphere mixtures, or to the
Carnahan-Starling [45] for pure hard-sphere fluid is written as

_ohs(p)  n(4-3n)
ﬁfhs(p):ﬂ N = (1_77)2 5

where 7 = (77/6)po?3 is the packing fraction.

(15)
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The perturbative functional, Fpert[0 ()], can be written in the
form

Bert[p ()] =
1
%/drp(r)/dr/p(r’)u(r, r/)/o dog(r—rl:p.T.a).  (16)

with g(|r —r'|; p, T, @) being the pair-correlation function of the
fluid with density p and temperature T. In fact, g(r; o, T, = 0)
reproduce exactly the reference fluid pair correlation function, in
this case, gys(r, o). The main questions here are: how to obtain
a suitable approximation for the effective pair-correlation function
g(r; p, T, ) for non-zero values of «? what density value p must
be used to calculate g(r; p, T, «)? Moreover, g(r; p, T, ) must be
non-analytical in most cases for the attractive potential, such that
the perturbative functional has no analytical form. It is interest-
ing to note that if g(r; p, T,@) ~ 1, the perturbative functional is
equivalent to the well-known mean-field theory or the structure-
less fluid approximation.

The perturbative contribution, Fpert[0(1)], can be obtained by
the following perturbation theories of homogeneous fluid. The
functional is constructed using two following propose of functional
form to describe inhomogeneous fluids.

2.2. The perturbation theories for homogeneous fluids

2.2.1. Barker-Henderson second-order perturbation theory

The Barker-Henderson second-order perturbation theory
[36,37] is an option to describe the perturbative free-energy
functional, Eq. (16), for homogeneous fluids. This perturbation can
be described in terms of an effective radial pair distribution, given
by

1 .
[ darstrip. T = g p) — S putry ALEBTL )
0 p

where g (1; p) is the hard-sphere radial distribution function. The
first parcel in Eq. (17) represents the first-order term of the per-
turbation theory, and the second parcel represents the second-
order term on the local compressibility approximation (LCA). In
the second-order theory, the local compressibility approximation
provides better accuracy than the macroscopic compressibility ap-
proximation [46]. The derivative on the second-order term can be
written as

78[’)&‘55’/))] :Khs(p)[ghs(rip) P,
where kps(p) is the isothermal compressibility of the hard-sphere
reference fluid, which is defined as

ap a-m*
SN J— S
obtained from the Carnahan-Starling equation of state. Conse-

quently, the free-energy per particle of the perturbation contribu-
tion fpert is written as

(19)

FE0(0) = fil (0) + fig (p. T, (20)
with
féll-n)(ﬂ)=27l,0/0 drr?u(r)gns (r: p). (21)

8 [ee]
(2) _ :
s (0. T) = nﬂpkhs(p)ap[p/o drrz[u(r)lzghs(r,p)]. (22)

The hard-sphere pair correlation is calculated following the pro-
cedure discussed in Section 3.3. We construct a grid of density
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range of po3 €[0.0,1.0] with the step of 0.02 and radial coordi-
nate range of r/o €[1.0,5.0] with a step of 0.01. With this, the
two terms of the BH perturbation theory, Eqs. (21) and (22), are
interpolated with a cubic Hermite spline and a bi-cubic Hermite
spline, respectively. For more details about the interpolation, see
Appendix C.

2.2.2. Self-consistent perturbation theory

The self-consistent perturbation theory (SCPT) is presented here
as another option to describe the perturbative free-energy, Eq. (16),
for homogeneous fluids. This theory is obtained by combining the
radial distribution function calculated using the DFT with a ther-
modynamic perturbation theory. The starting point is the thermo-
dynamic perturbation theory known as coupling parameter series
expansion [39,47]. This perturbation theory is based on writing the
radial distribution function integral, Eq. (16), with the Taylor series
by

f01 g(r; p, T,a)d

_ 1 oo 1 pn 0"g(rip,T.o)
= a1 Znzo Jo @ TaE |y od

(23)

where « is the coupling parameter, and the thermodynamic
derivatives are taken around the reference fluid. Using this expan-
sion to solve the perturbative integral Eq. (16) and retaining only
the two first terms of that expansion, we get

FEED (0. T) = f & () + f& (0. T). (24)

with

Fr(p) =27T/0/0 drr?u(r)gns (r; p), (25)

F&(p.T) = np/wdrrzu(r) dBripTa) (26)
0 Ja wed

where the first term of this perturbation theory is exactly the first
term on the BH perturbation theory, Eq. (21). The self-consistency
of our theory is obtained by calculating the derivative of the radial
distribution function dg(r; p, T, «)/d¢ct|,_q from the DFT.

As well as in the BH perturbation theory, the two terms of the
SCPT perturbation theory, Eq. (25) and Eq. (26), are interpolated
with a cubic Hermite spline and a bi-cubic Hermite spline, respec-
tively. For more details, see Appendix C.

2.3. The DFT description of perturbative contribution for
inhomogeneous fluids

2.3.1. The modified weighted density approximation
The modified weighted density approximation
[33,35,48] of the excess free-energy function is written as

Fexc[p(r)] :Fhs[p(r)]"'Fwda[p(r)]ﬁ (27)

with just the perturbation contribution being written in the WDA
formalism. The basic idea of the WDA formalism is to make a free-
energy of homogeneous fluid valid in the functional form, applica-
ble to inhomogeneous systems. In this form, the perturbation free-
energy can be written as

Fugal p(1)] = / dr () fpen (B (1), T), (28)

where fpert(p(r), T) is the perturbative contribution of the excess
free-energy per particle for a uniform fluid with density p(r) and
temperature T. The weighted density o (r) is defined as

(MWDA)

)= [dr p)o(r -1, (29)
and the normalized weight function [49] given by
O = 0o 1), (30)

4r 3ol
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Table 1
The integral of the potential u(r) and the size parameter
for the MWDA implementation of different potentials.

Parameter  Yukawa (YK) Square Well (SW)
a —imea3(3HN +1)  —fmwea?

1/3
v (2422 +1) »

3 The potential integral is a = [;° dr4mru(r).

where the parameter v scales the size of the averaging space. In
this work, we define the size parameter ¥ by the relation

v :[ 4]‘[6(73_/ drdmr? u(r)]m, (31)

which scales with the WCA energy volume of the perturbative po-
tential. Here, € is the energy scale of the perturbative potential,
as shown in Table 1 for the YK and SW potentials. This definition
of the v is different from the usual implementations of the WDA,
but already used in DFT versions as the PC-SAFT used to describe
Lennard-Jones inhomogeneous fluids [22].

From this functional form, the first-order direct correlation
function (DCF) is given by

SFexc[ o (1)]

Cg(é (r.[p) =- W Chs) (r)

and the second-order DCF in the form

2 02 Fexc 2
Céxz (r - r/, [10]) ,3 Bp(r)[ai)({l?’] Cl(ls) (r - r/)

S

—,3 fdl‘” 0 [P(Ta)fzertgﬂ(r ))] ( v r//)a)(r _ r//)’
i.e,, the pair direct correlation function is the sum of the second-
order DCF inhomogeneous hard-sphere reference fluid and a term
proportional to non-local perturbative compressibility. In the limit
of a homogeneous fluid, the Eq. (33) reduces to

(. py) = €2 (r)

LW 3 (13 312y +22¢0)’)OQ2Y 0 7).

(33)

(34)

This DCF gives the correct short-ranged correlations arising
from the repulsive interaction, but it does not provide the correct
form of the asymptotic tail correction of the correlations for any
temperature.

2.3.2. The modified mean-field theory

The modified mean-field approach (MMFT) consists of a mean-
field functional in addition to a correction term due to the corre-
lation with the hard-core region. Therefore, the excess free-energy
functional is written as

Fexelp(P)] = Fus[0(N] + Eneel 0 (1)] + Fore[ 0 ()], (35)
where the mean-field theory term is

1 / J/ J/
Fatlo @] = 5 [ drp@) [ v pyu(ir — ). (36)

and F.orr is the correction term. This correction term is neces-
sary to represent the correlation between the short-range repul-
sive interactions and the long-range interactions. In this work, the
Helmholtz free-energy functional of the correlation effects is writ-
ten with the WDA formalism as

Forl0(1)] = / dr (1) feore (B(r). T). (37)

with the weighted density p(r) defined by Eq. (29) and the nor-
malized weight function given by Eq. (30) but now with the fixed
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value of ¥ = 0.5. This functional form was motivated by the work
of Yu [50].

The correlation parcel of the Helmholtz free-energy per particle
is

Feorr(p. T) = fi0(0) + F2h(p. T) — 5 (38)

where the last parcel represents the mean-ﬁeld theory term with
a being the integral of the potential u(r), as shown in Table 1.

From this MMFT functional form, the first-order direct correla-
tion function (DCF) is given by

Cg(g(r, [p]) = -B Sﬂg;[,é)r()r)]

= cV(r.[p]) - /dr’p(r/)u(|r—r/|>

,B/dr’ a[ﬁ(r”)ﬁorr(ﬁ(rﬁ))]
ap(r”)
and the second-order DCF in the form
2 82 Fexc
nggz(r -, [:0]) -p Bplzr)[sl;)((?’]
=g (r—r.1p]) - Bu(r —r'}) (40)
[
-B f dr’ 3 [p(ra)fc(orr§,0 (r ))] (r/ . r”)wcorr (r _ r//)’
i.e., the pair direct correlation function is the sum of the second-
order DCF inhomogeneous hard-sphere reference fluid, a term pro-
portional to the attractive pair potential and the last term pro-
portional to the non-local correction of the compressibility. In the
limit of a homogeneous fluid, the Eq. (40) reduces to

o (1. py) = c2) (1, py) — Bu(r)

-B 82 [pbfc:)r;(pb D3 (r3 3ro? + 203)@(0 -7).

This DCF gives the short-ranged correlations arising from repulsive
forces between the particles and the correct asymptotic tail correc-
tion of the correlations on low-temperature limit i.e., c® ~ —Bu(r)
as r — oo. This result is a combination, at some point, of the two
low-density tail corrections presented by Lutsko in Ref. [51].

Weorr (T — r/), (39)

(41)

2.4. The self-consistent algorithm

The self-consistent procedure of our thermodinamic perturba-
tion theory, SCPT, for both DFT approaches, is implemented follow-
ing the steps:

1. Calculate the fs(él),T(,o) using the hard-sphere radial distribution
function gy (r; p) and for each effective potential cu(r) with
o =[-0.2,-0.1,0.1,0.2];

2. Construct the functional Fpert[ 0 ()] with just the first-order per-
turbation term {1} (0);

3. Using the excess free-energy Fexc[0(1')] = Fis[p ()] + Foert[p ()],
calculate the radial distribution function g (r; p, T, ) for each
previous o values

4, Calculate the fscm(p) using the the numerical derivative of the
radial distribution functiondg(r; p, T, &) /det | _;

5. Construct the functional Fyert[o(r)] with the two terms of the
perturbation theory for the original potential u(r);

The derivative dg(r; p, T, )/0c |a=0 necessary to calculate the
Eq. (26) is obtained by a fourth-order of accuracy central finite dif-
ferences method on «, in the form

ag(r; p, T, o) _ g p, T,-2Aa) —8g(r; p, T, —Aat)
oo B 12A«
a=0
8g(r o, T, Aa) —g(r; p,T,2Ax) (42)
12A«

with the step value Ao = 0.1. This step value is discussed in Ref.
[52] and it seems to be suitable only for lower derivatives.
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Fig. 1. (a) Phase diagrams in the p — T plane and (b) the saturation pressures of attractive hard-core Yukawa fluids with range Ao = 1.8, 3.0, 4.0 and 8.0. Open symbols:

MC data from Ref. [59]. Dashed line: 2-order BH. Solid line: our SCPT.

3. Results and Discussion

We apply both perturbation theories to two cases of the attrac-
tive potential u(r). The Yukawa (YK) potential is represented by

—€ r<o
u(r) = ’ —A(r—0) ’ (43)
€ rjo rzo
and the Square-Well (SW) potential is given by
—€, r<o,
u(ry=1-€, o <r<»Aao, (44)
0, r>Aio

where € is the energy scale and A is a range parameter for each
potential. The hard-core values of both u(r) do not matter for the
perturbation theories, but they are relevant to the MMFT imple-
mentation.

In addition to the two perturbation theories, SCPT and BH, we
have two varieties of DFT implementations, MWDA and MMFT. To-
talizing 4 different DFT models to validate. To quantitatively eval-
uate the goodness of each presented model, we use the likelihood
[53] £ defined in the form

Z — f(x)?
(.Vmax .me)z
with x2 being the normalized residual sum of squares [54], {x;,y;}
representing the MC data and f(x;) being the predicted value at x;
by the model. The normalization factor 1/(¥max — Ymin)> defines a
scale of the MC data because we do not have access to the MC data
dispersion. With this normalization we can compare y2 for differ-
ent types of MC data, as density, pressure and radial distribution
function. The total goodness of the model is defined as the sum of
the goodness of each curve described by the model, tha] Sh XP

The closer to 1 is £, the better the model. Hence, the likelihood £
value should only be compared between different models.

L=eX/2 and x? (45)

3.1. Fluid Phase Diagram and Thermodynamic quantities

For the bulk homogeneous fluid phase, the grand potential per
volume can be calculated as a simple function of the bulk density
pp in the form

Q
V= keT[In(0yA) = 1] 0y + fas(05) 0b

+ fpert (0) b — L. (46)

where Eq. (15) gives the hard-sphere contribution, and the pertur-
bation contribution is given by Eqs. (20) or (24). In such a manner,
the equilibrium condition, Eq. (2), is reduced to

9 (op fns) a(pbfpert)
00y 00y

Q)

_ 3
3, =kgT In(ppA°>) +

w,T

_IJ’ZO’

_l’_
(47)

which is the thermodynamic relation between the free-energy
derivative and the chemical potential. The coexistence between the
vapor and liquid phases is determined by the two densities p, and
p;» which satisfies the Eq. (47) and the relation [Q2/V], = [©2/V]; for
the same chemical potential w. In fact, this two relations reproduce
the phase equilibria condition of

My =y and p,=p;. (48)
The last condition in Eq. (48) is readily demonstrated by defini-
tion 2/V = —p for a homogeneous fluid. Finally, the equilibrium
condition is solved using a fast inertial relaxation engine (FIRE)
[55,56] implemented in Python by our group [57] and discussed
in a submitted paper [58]. The algorithm convergence criterion is
|0(2/V)/3pp| < atol =107,

For the hard-core YK fluid, Fig. 1 presents the vapor-liquid coex-
istence curves and the saturation pressures obtained with the BH
perturbation theory and SCPT for Ao = 1.8, 3.0, and 4.0. The SCPT
predicts the liquid coexistence density with excellent performance
when compared with the Monte Carlo (MC) simulation data from
Ref. [59]. The improvement in the likelihood to describe the MC
data is statistically insignificant. However, the saturation pressures
are better predicted by the SCPT, when compared to the BH per-
turbation theory, an improvement of almost 3% on the likelihood
to represent the MC data, as shown in Table 2.

For the SW fluid, Fig. 2 presents the vapor-liquid coexistence
curves and the saturation pressures obtained with the BH pertur-
bation theory and SCPT for Ao = 1.5, 1.75, and 2.0. The SCPT pre-
dicts the liquid coexistence line and the saturation pressure better
than the BH perturbation theory when compared to the MC data
from Ref. [60]. The total likelihood of SCPT to describe the MC data
presents an increase of almost 10% in relation to the BH total like-
lihood, as shown in Table 2.

Therefore, these results of the thermodynamic properties de-
clare our second-order SCPT as a significant improvement on the
data prediction when compared to the second-order BH theory.
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Fig. 2. (a) Phase diagrams in the p — T plane and (b) the saturation pressures of attractive hard-core square-well fluids with range Ao = 1.5, 1.75 and 2.0. Open symbols:

MC data from Ref. [60]. Dashed line: 2-order BH. Solid line: our SCPT.

Table 2

The likelihood £ of each perturbation theory for the differ-
ent potentials to represent the MC/MD simulation data of
liquid-coexistence density p; and logarithm of the satura-
tion pressure 10g;y Psat.

Potential ~ Perturbation  p; logyo psac  Total?
YK BH 67%  96% 64%
SCPT 68%  99.4% 68%
SW BH 90%  98% 88%
SCPT 97%  99.6% 97%

2 The total likelihood is the product Lig = L, Liog pesc-

3.2. Density profiles near a Wall

The grand potential, Eq. (1) in a planar geometry, must
be obtained using the 1D planar convolutions, described in
Appendix A and Appendix B. The equilibrium condition, Eq. (2), is
reduced to

s2Alp@)] _ o
W = kT In[p(2) A®] — ,BChS (2) - ,Bcpert(z)

+ Vext(2) = = 0. (49)

Again, the equilibrium condition, Eq. (49), is achieved by minimiz-
ing of the grand potential using the FIRE algorithm. The initial den-
sity profile is set as uniform with value p,. The planar geometry
is spatially discretized with a grid spacing of 0.010 and length
L =50, or defined H in slit-pores. The algorithm convergence cri-
terion is max{|§Q[{0}]/80(2)|} < atol = 10~7.

For the YK fluid, and to compare with the MC simulation data
available in the literature, we use the exponential external poten-
tial for the YK fluid given in the form

Vext (2) = {°°’ 2<0/2. (50)

—€wexp(—A(z—0/2)), z>0/2,

where €, is the energy parameter of the wall.

The Figs. 3 and 4 present our DFT results of density profiles
p(z) for an attractive YK fluid near an attractive hard-wall in
comparison with the MC simulation data [8] for p,03 =0.7 and
pp0 3 = 0.4, respectively, and different values of the wall attrac-
tion intensity parameter €,. In most cases, all the DFT formula-
tions considered provide very good accuracy and are practically
indistinguishable at the scales of the figures. Except for the case
with ppo3 = 0.7 and €,/€ = 0 where the MMFT-SCPT seems to be

0
0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fig. 3. Density profiles for an attractive Yukawa fluid with Ao = 1.8 near a Yukawa
wall at reduced temperature kgT/€ = 1.1 and reduced density p,03 = 0.7 with two
different values of €,. Open symbols: MC data from Ref. [8]. Dashed grey line:
MWDA-BH. Solid grey line: MWDA-SCPT. Dashed black line: MMFT-BH. Solid black
line: MMFT-SCPT.

the most appropriate DFT formulation to represent the MC data. In
fact, the density profile predicted by the MMFT-SCPT is very close
to the MC data and the density of the fluid on the wall has its
best value with this model. As shown in Table 3, the MMFT-SCPT
represents an increase of 51% in likelihood when compared to the
MMFT-BH formulation.

For the attractive SW fluid, Fig. 5 presents the DFT results ob-
tained for the density profile p(z) inside a slit-pore and the MC
simulation data available in the literature [61] for Ao = 1.5 and
two values of density and size of the pore, H. The MMFT-SCPT for-
mulation represents the MC data very well, mostly very close to
the wall. In essence, this improvement was possible due to the bet-
ter description of the fluid pressure because lim,_, ¢+ p(z) = BP.

The attractive hard-wall for the SW fluid is simulated with the
external potential defined by

00, Z2<0)/2,
—€w, O0/2<zZ<MAo—0/2,
0, z>XAo—-0/2

Vext (Z> = (51 )
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Fig. 4. Density profiles for an attractive Yukawa fluid with Ao = 1.8 near a Yukawa
wall at reduced temperature kzT/€ = 2.0 and reduced density p,03 = 0.4 with two
different values of €,. Open symbols: MC data [8]. Dashed grey line: MWDA-BH.
Solid grey line: MWDA-SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-
SCPT.

Table 3

The likelihood £ of each DFT approach for the different poten-
tials to represent the MC/MD simulation data of density profile
near a wall p(z), radial distribution function g(r) and interfacial

tension y.
Potential ~ Model p(z) g y Total®

YK MWDA-BH 52% 40%  62%  13%
MMFT-BH 22% 39%  73% 6%
MWDA-SCPT  36% 40%  67%  10%
MMFT-SCPT 73% 39%  69%  20%

SW MWDA-BH 3% 95% 57% 1.6%
MMFT-BH 14% 93%  82% 11%
MWDA-SCPT  21% 96% 6% 1.2%
MMFT-SCPT 57% 92%  93%  49%

2 The total likelihood is the product Ly = L) LgrLy-

where €, is the wall interaction intensity and A is the interac-
tion range parameter. In Fig. 6, the MC simulation data from Ref.
[15] represented by the open symbols were obtained using the
NVT ensemble. Our DFT results are obtained such that the mean
density value po3 be the same as the MC data. Once more, the
MMFT-SCPT predicts the density profile with a quite good perfor-
mance, mainly in the attraction region of the wall. The density pro-
files for po3 = 0.730 predicted with both DFT formulations present
a little deviation from the MC data. One possible explanation is the
proximity of the triple point and our lack to describe a solid phase
in this work. Lastly, these results represent an increase of 36% in
the likelihood of MMFT-SCPT describing the MC data compared to
the MWDA-SCPT results, as shown in Table 3.
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Fig. 5. Density profiles for an attractive square-well fluid with Ao = 1.5 inside a
hard slit-like pore of length H at temperature kgT/€ = 1.0 and two different mean
densities po3. Open symbols: MC data [61]. Dashed grey line: MWDA-BH. Solid
grey line: MWDA-SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-SCPT.
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0.5 1.0 1.5 2.0 2.5 3.0 3.5
z/o

Fig. 6. Density profiles for an attractive square-well fluid with Ao = 1.5 confined in
an attractive square-well pore at reduced temperature kgT/€ = 1.0 and three differ-
ent mean reduced densities po3. The pore size is H = 100 and the wall attraction
parameter is €, = 1.5. Open symbols: MC data [15]. Dashed grey line: MWDA-BH.
Solid grey line: MWDA-SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-
SCPT.

3.3. Radial Distribution Function

The radial distribution function g(r) can be calculated using the
Percus’ test-particle method. The idea of this method is that the
system is invariant when a particle is fixed at the origin; the pair
correlation functions are equivalent to the reduced density profiles



E.d.A. Soares, A.G. Barreto Jr. and EW. Tavares

0.5 1.0

1 2 3 4 5
r/o
Fig. 7. Radial distribution function for the reference fluid of hard spheres. The inset
presents the contact value of the radial distribution as a function of the density

po3. Open symbols: MC data from Ref. [62]. Solid black line: FMT. The distributions
of po3 =0.5 and po3 = 0.9 are shifted upward by 1.0 and 2.0.

of other species around the fixed particle. As the grand potential
Q[p(r)] reaches a minimum at equilibrium, the radial distribution
function g(r) satisfies the Euler-Lagrange equation

% =kgTIn |:p:(§:)i| - kBTCg(g (. [p]) + Vexe (1) — thexc = 0,
(52)

with the excess chemical potential plexc = i — iijg and the ideal
gas chemical potential piq = kgT In(p,A3). Here, Vexe (r) is the ex-
ternal potential produced by the test particle as

Vext (T) = { Z?r),

In this form, the radial distribution, defined as g(r) = p(r)/p,, can
be obtained by

8(r) = exp[—BVext (r)] exp [cS2(r. [0]) + Bitexc]- (54)

such that, in the low-density limit g(r) ~ e=AVext(™,

Further, the equilibrium condition, Eq. (52), is solved numeri-
cally, minimizing the grand potential using the FIRE algorithm. The
initial density profile is set as p(r) = ppgns (1; Pp)- The radial geom-
etry is spatially discretized with a grid spacing of 0.010 and radius
50, which characterizes the cutoff radius. The algorithm conver-
gence criterion is max{|8Q2[{0}]/8,0()|} < atol = 10~7.

In Fig. 7, the predicted radial distribution functions of hard-
sphere fluids for different densities are compared with MC sim-
ulation data available in the literature [62]. The figure shows the
magnificent performance of the FMT to describe the structure of
g(r) as well as its contact value g(o).

The radial distribution functions for the YK fluid are presented
in Fig. 8. On the scales of the figures, the different DFT formula-
tions predict the MC data [63]| admirably. The likelihood of each
DFT formulation is around 40% to represent the MC data. This re-
sult reaffirms the fact that both DFT formulations can be used to
calculate the radial distribution function of YK fluids.

The radial distribution functions for the SW fluid are presented
in Fig. 9. On the scales of the figures, the different DFT formula-
tions indeed predict the MC data [26,64]. The likelihood of each
DFT formulation is around 94% to represent the MC data. This re-
sult reaffirms that both DFT formulations can be used to calculate
the radial distribution function of SW fluids. Although, we can see
a little strange structure introduced by the MFT term on the MMFT
results.

r<o,

rso. (53)
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Fig. 8. Radial distribution function for an attractive Yukawa fluid with Ao = 1.8 at
reduced temperature kgT/€ =2.0 and two different reduced densities. Open sym-
bols: MC data from Ref. [63]. Dashed grey line: MWDA-BH. Solid grey line: MWDA-
SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-SCPT. The profile of
po3 =0.8 is shifted upward by 1.0.

1.0 15 20 25 3.0

Fig. 9. Radial distribution function for a square-well fluid with Ao = 1.5 and two
different reduced density and two different reduced temperatures. Open symbols:
MC data from Ref. [26,64]. Dashed grey line: MWDA-BH. Solid grey line: MWDA-
SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-SCPT. The profile of
kgT/e = 1.5 is shifted upward by 1.0.
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Fig. 10. Surface tension, y, at the vapor/liquid interface of an attractive Yukawa
fluid as a function of reduced temperatures kgT /€. Open and closed symbols: MC
and MD data from Ref. [65], respectively. Dashed grey line: MWDA-BH. Solid grey
line: MWDA-SCPT. Dashed black line: MMFT-BH. Solid black line: MMFT-SCPT.

These results confirm that the radial distribution function re-
sults are not sensitive to variations in the DFT formulation.

3.4. Vapor-liquid coexistence

To describe a planar vapor-liquid interface, we also solve a pla-
nar density profile p(z) from the condition given by Eq. (49). The
interface is spatially discretized in 1000 grid points covering a
width of 200, leading to a grid spacing of 0.02¢. The numerical
procedure is the same as discussed in Section 3.2. The main dif-
ference here is the initial density profile, which is defined by sym-
metrical form,

P@) = 51+ P~ 5 (P~ )Nk (D), (55)

where z = 0 is the position of the interface, p; and p, are the liquid
and vapor densities, respectively, and § is the width of the interfa-
cial region. The coexistence densities for a given T are determined
on the same geometry to avoid numerical errors. The § is deter-
mined by minimizing the grand potential as a unique function of
that parameter. Further, the grand potential is minimized using the
FIRE algorithm for the density profile p(z) with the convergence
criterion given by max{|8Q[{p}]/80 ()|} < atol = 10~>. This un-
constrained minimization, in opposition to the Eq. (55), is neces-
sary to allow oscillation on the density profile that appear mainly
at low temperatures.

The surface tension of the system is calculated by the difference
of the grand potential of the interface and that of the bulk phases.
Once we have the interfacial density profile calculated by the DFT,
the surface tension y can be calculated from

VZMJ'_/IZPCH’ (56)

where A is the cross-sectional area of the system, and p is the
bulk pressure of the fluid related to the bulk grand-potential by
p=—/V.

In Fig. 10, the surface tension results for the attractive YK flu-
ids with a range of Ao = 1.8, 3.0, and 4.0 are presented. At low
temperatures, the MMFT results are quantitatively more consistent
with the MD simulation data [65] than the MWDA results. As we
can see in Table 3, the likelihoods of the MMFT results predict the
MD data are greater than the likelihoods of the MWDA results. The
MMFT-BH results are 4% more likely to represent the MD data than
the MMFT-SCPT results, but it seems to be not statistically relevant.
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Fig. 11. Surface tension, y, at the vapor/liquid interface of an attractive square-well
fluid as a function of reduced temperatures kgT /€. Closed symbols: MD data from
Ref. [60]. Dashed grey line: MWDA-BH. Solid grey line: MWDA-SCPT. Dashed black
line: MMFT-BH. Solid black line: MMFT-SCPT.

To better discriminate models, we would need MD data at lower
temperatures.

The surface tension results for the attractive SW fluid with
range of Ao =1.5, 1.75, and 2.0 are presented in Fig. 11. The
MMFT-SCPT results predict the MD simulation data [60] wonder-
fully well. The likelihood to describe the MD data for the MMFT-
SCPT is 11% greater than the likelihood of MMFT-BH, as shown in
Table 3.

Therefore, both MMFT-BH and MMFT-SCPT can be used to pre-
dict the surface tension for YK and SW fluid.

4. Conclusions

We developed a self-consistent perturbation theory based on
the coupling parameter expansion but using the radial distribution
function g(r) calculated by DFT. Unlike the conventional DFT for-
mulations, an advantage of this theory is that there is no need to
solve the OZ equation for the direct correlation function. There-
fore, this perturbation theory can be applied to any pair poten-
tial. When compared to the second-order Barker-Henderson per-
turbation theory, the self-consistent theory predicts better coexis-
tence liquid density and saturation pressure for both YK and SW
fluids. The critical temperature and pressure are overestimated on
both perturbation theories. We understand that our results are not
renormalized, and a renormalization group analysis should be done
in future works.

To use our self-consistent perturbative DFT, we presented two
different versions of the perturbative contribution to the excess
Helmholtz free-energy: one based in a modified WDA (MWDA);
and another based on a modified MFT (MMFT). These two func-
tional forms are evaluated and compared with MC data of liquid-
wall interaction, radial distribution function, and liquid-vapor in-
terface for YK and SW fluids. For the YK fluid, the MWDA is bet-
ter than MMFT for the BH perturbation theory representing an in-
crease of 7% on the likelihood to describe the set of MC/MD data.
However, MMFT is better than MWDA when it comes to SCPT, with
an increase of 10% on the likelihood. For SW fluids, the MMFT is al-
ways better than the MWDA either for BH or SCPT, increasing 10%
and 48% on the likelihood, respectively. Moreover, both DFT for-
mulations can generate the radial distribution functions needed by
the SCPT.

In this work, we define a likelihood to compare the DFT models
with the MC or MD data. However, most of the available MC data
have no uncertainties reported. Our normalization of the residual
sum of squares x2 was used to define a scale for the data. So,
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some care must be taken to compare likelihood to different MC
data. For this reason, the likelihood values for different sets of MC
data should not be compared to each other. As an example, the
likelihood for the SW g(r) cannot be compared to the YK g(r). But
the likelihood for the SW g(r) calculated with MWDA-BH can be
compared to the likelihood for the SW g(r) calculated with MMFT-
SCPT because the MC data are the same.

Computationally, the MWDA and MMFT versions are equivalent
in performance and easiness of implementation. Here, we must
emphasize here that these versions of DFT are attempts to describe
the exact structures of the hard-core fluids described at the level
of perturbation theory. There is no exact solution as a fundamen-
tal measure theory for the perturbative contribution of the excess
free-energy.

Finally, we would like to mention possible extensions of the
presented self-consistent perturbative DFT. The SCPT can be ex-
tended to treat soft-core fluids, associating fluids and solids. More-
over, it would be of interest to generalize the SCPT to describe mix-
tures and chain fluids.
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Appendix A. The weighted densities on different geometries

The weighted densities necessary to the DFT calculations must
be calculated differently in each geometry. On the symmetrical 1D
planar geometry, the convolution must be calculated as follows.
First, let remember that in 1D planar geometry, the density can
be written as p(r) = p(z), and its Fourier Transform is

pk) = [ dr p)er = p(ke) @863 (ky)

where the two Dirac-delta functions are present due to the homo-
geneity of the density field on the x —y plane. Now, let evaluate
the weighted density n(r) through the convolution theorem

(A1)

e
n(r) = / dr' oo —1') = / G atoe™  (A2)
and using the Eq. (A.1), we get

n(r) = % / dk, (k)@ (k, ek (A3)

10

Fluid Phase Equilibria 542-543 (2021) 113095

where @(k;) = @(kx = 0,k, =0, k;). Returning to the real space,
we finally obtain

n(planan) (z) — / " 47 p@)ePm (z - 7). (A4)

For the 1D spherically symmetric geometry, the density can be
written as p(r) = p(r), and its Fourier Transform is

Bk = / dr p(r)er = 47 / drrp () jo(kr)

where j, is the spherical Bessel function of ¢-order. Let remember
the identity

(A5)

xkr

=471 Z Z i o (kr)Yem (6, @)Y O, 1)

(=0 m=—¢

(A.6)

where Y, are the spherical harmonic functions. Now, let evalu-
ate the weighted density n(r) through the convolution theorem,
Eq. (A.2), and applying the indentity given by the Eq. (A.6) we
get

n(r) = % fo Tt / dk k23 (K) jo (kr) jo (kT).

where we used of the symmetry @(k) = @(k) and the othornor-
mality of Y,. The integral on k is a little tricky but can be solved
using the definition of the spherical Bessel function, such that

2 / dkk2& (k) jo (k) jo (k)
T Jo

(A7)

_ 11 ~ ik(r—r') _ 1 /

- Wﬂfdkw(k)e = or-r) (AS)
and the 1D spherical convolution must be calculated by

P () = [ arro@wse -, (A.9)

In both geometries, the weight functions can be obtained by a
1D inverse Fourier Transform of the 3D Fourier Transform of the
original weight function, in the form

dk -
D) (z) = / (ke

As an example, the spherical 3D Fourier transform of the ws(r)
from the FMT is

—ikr (A10)

s (k) 2/ ws(r )smkr 2dr
_ mo?|sin(ko/2)  cos(ko /2)
Tk |: (ko /22~ ko2 | (A11)
and the inverse planar 1D Fourier Transform is given by
lanar 1 ~ —i
P ) = / s (ke *dk
=7n[(0/2)* - Z2]0(0/2 - |2]), (A12)

such that the 1D convolution must be obtained by Eq. (A.4).
Thus, we can calculate the others 1D planar weight functions
with the same method. The other linearly independent pla-
nar 1D weight function are a)(zpla“ar)(z)=na®(a/2—|z|) and
wggla“a” (2) = 2mz®(0 /2 — |z|)Z. For the 1D spherical geometry, the
weight functions are the same, changing z — r. However, we are
not interested in the inner region (r < o) of the hard-sphere con-
tact, such that we start the convolution integral at r = o

For the WDA weight function, the process is similar to the
w3 (1) Weight function from the FMT. In fact, the planar 1D weight
function is P "a”ar (2) = 4(1;0)3 [(Wo)?2 —2210 (Yo — |z|).

All the convolutlons and the FMT functional on planar and
spherical geometries are implemented in a Python code by our
group, i.e., the Eq. (A.4) and Eq. (A.9) were solved using the con-
volveld function from Numpy package [66].
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Appendix B. The pair interaction potential on different
geometries

As discussed in Appendix A, the convolutions involving the pair
potential u(r) and the density p(r) must also be defined in the
1D geometries. We known that the convolutions are necessary to
calculate the terms of our modified mean-field theory as

Famal o] = 5 [ dr [ dr p)p@utr 1)

1
- j/clr,o(r)\y(r) (B.1)
where W (r) = [dr’ p(')u(r —1’) is the potential convolution. Let
start with the Yukawa (YK) potential, Eq. (43), whose the Fourier
Transform is

tiyk (k) = /UYK(T)

sin kr

4ridr
kr

_ 4eo’ sin(ko)
__W[cos(lca)-i-ka = i|

4meo? | cos(ko) sin(ko)
+ k [ ko~ (ko)? i| (B.2)

which in the limit of very small hard-core region returns to
the well-known result of lim, _, ¢ tiyk (k) = 4mweo / (k2 + A%). The in-
verse 1D Fourier Transform gives the 1D planar YK potential writ-
ten as

e - |

Once more, the 1D planar convolution must be calculated by
Eq. (A.4) and the 1D spherical convolution by Eq. (A.9), as dis-
cussed in Appendix A.

Similarly, the Square-Well (SW) potential, Eq. (44), has as
Fourier Transform

—em (222D —22). |z <o,

e—*(lzl-0)
—2me o

(B.3)

lz| = o

sin kr

tigw (k) = /usw(r) = 4mrridr
_ 4me(ro)? | cos(kro)  sin(krio) (B4)
- k kho  (kho)2 | ’

and the 1D inverse Fourier Transform gives the 1D planar SW po-
tential in the form u{lY’ (2) = —ex (A202 —22)O (Ao — |2)).

Appendix C. The interpolation of the perturbation free-energy

Hermite splines are typically used for interpolation of numeric
data specified at some values x1, X5, ..., Xp, to obtain a smooth con-
tinuous function. The data should consist of the desired function
value and derivatives at each x;. The Hermite formula is applied to
each interval [x;, x;,1] independently, being defined by

(C1)

with the following constraints of the original function values f(x;)
and its derivatives at the borders of the interval as

H3(X) = ag + a1X + %% + asx®,

H3(x;) = fi,  H3(Xi11) = fia,
d d
Hw =L men =) (2)
i i+1

which are necessary to determine the coefficients g;. The two poly-
nomials resulting from these constraints are the cubic Hermite ba-

sis functions, given in the form Davis [67]
ho(z) =1 — 32% + 223, (C.3a)

hi(z) =z — 222 + 22, (C.3b)

1
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and the interpolating cubic Hermite polynomial can be written
as

Hy ) =fho® + fuaho(1 -3 + S| Ay

_ 4

dx AXihl (1 —)’E).

i+1

(C4)

where X = (x — x;)/Ax; and Ax; = X;,q — X;.

This cubic Hermite function was used to interpolate the
Helmholtz free-energy per particle f given by the first-order terms
of the perturbation theories, Eqs. (21) or (25), as a function of the
reduced density po3. The range of the 1D table on the reduced
density was chosen to be po3 = [0; 1] with Apo3 = 0.02. Increas-
ing the precision of the table to Apo3 =0.01 does not result in
improvements. The first derivatives necessary to construct the in-
terpolant function are calculated from a centered difference ap-
proximation with second-order accuracy on the table values. On
the border of the table, we use a forward/backward finite differ-
ence approximation again with second-order accuracy.

The one-dimensional cubic Hermite spline can be extended to
2D by interpolating each parcel of the Eq. (C.4) again on the second
dimension.

H3(x,y) = fi jho(®)ho (F) + fir1,jho(1 = X)ho (F)
+fijrtho®)ho(1 = ¥) + fiv1,j+1h0(1 = X)ho (1 - ¥)

of . leihl ®)ho () - ?Ti

+ == AX,'h] (1 —i)ho(ﬁ)
i,j i+1,j

ox

of
0x

_9f
o0x

+ Axihy (X)ho (1 - )

i j+1
Axihy (1 = X)ho (1 - §)
i+1,j+1

av | .A.Viho(}?)hl 2]

i,j

Ayiho(1 = %)hy ()

i+1.j

Ayiho(®)h (1 - 3)

i,j+1
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where y = (y —y;)/Ay; and Ay; = yi1 — ;.

This bi-cubic Hermite function was used to interpolate the
Helmholtz free-energy per particle f given by the second-order
terms of the perturbation theories, Eqs. (22) or (26), as a func-
tion of the reduced density po3 and reduced temperature kT /€.
The 2D range of the table was chosen to be po3 =[0;1] with
Apo3 =0.02 and kgT/e = [0; 4] with AkgT/e = 0.02 in those re-
duced units. This range of 50 points in density and 50 points in

(C5)
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temperature is large enough for our DFT calculations of inhomo-
geneous fluids. Refining the table does not increase the precision
of the table and does not result in any improvement. Again, the
first and second-mixed derivatives necessary to construct the inter-
polant function are calculated from a centered difference approx-
imation with second-order accuracy on the table values. We use
a forward/backward finite difference approximation with second-
order accuracy on the border of the table

In return to this nontrivial investment, the values of the func-
tion, first partial derivatives, and second partial derivatives are re-
produced exactly at the grid points, changing continuously as the
interpolating point moves from one grid cell to the next. Using
Eq. (C.5) as the interpolating function, the Helmholtz free-energy
per particle is given by a bi-cubic polynomial. Because the first law
of thermodynamics is given by
df = —sdT + %dp, (C6)
where s is the entropy per particle and p is the pressure. Bi-
quadratic polynomials gives the pressure and entropy per particle.
All the derivatives of these thermodynamic quantities are given by
bi-linear interpolations. In particular, the mixed derivative,

32 f as| 1 ap

0Tdp — ; T p2 0T p’

55 (C.7)

represents the Maxwell thermodynamic relation that is satisfied
on the whole interpolation range. Therefore, the mixed derivative
02f/3Tdp is extremely necessary to make the free-energy thermo-
dynamically consistent. Lastly, note that the partial derivatives of
bi-cubic interpolant are determined by the derivatives of the two
basis functions given by Eq. (C.3).
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